Abstract. In this paper we prove the existence of conditional expectations in the noncommutative L p (M, Φ) spaces associated with center-valued traces. Moreover, their description is also provided. As an application of the obtained results, we establish the norm convergence of the martingales in noncommutative L p (M, Φ) spaces.
Introduction
One of important nations of probability theory is a conditionally expectation operators, which plays general roll theory martingales, ergodic theory and et al. Existence and basic properties of conditional expectation operators provided in many books of functional analysis and the theory of probability.
To the existence of conditional expectations on operator algebras was first studied by Umegaki's works [31, 32] . Furthermore, the existence criterion was provided in [29] . Then the martingale convergence theory for conditional expectations in von Neumann algebras has been developed (see for example, [7, 25, 30] ). One of the important arias in the theory of operator algebras, is the integration theory for traces and weights defined on von Neumann algebras (se for example [28, 27, 34] ). In this directions, analogous of L p -spaces have been investigated. In [2, 16, 20] the martingale convergence in non-commutative L p -spaces was obtained.
On the other hand, development of the theory of integration for measures µ with the values in Dedekind complete Riesz spaces has inspired the study of (bo)-complete lattice-normed L p -spaces (see, for example, [24] ). The existence of center-valued traces on finite von Neumann algebras naturally leads to develop the theory of integration for this kind of traces. In [10] non-commutative L pspaces assiciated with with central-valued traces have been investigated. In [4] an abstract characterization of these spaces have been provided. Going further, in [5] more general L p -spaces associated with Maharam traces have been studied. Therefore, main aim of this paper to investigate the existence of conditional expectations in this L p -spaces. Note that first vector-valued analog existence conditional expectations was given in [22] for commutative von Neumann algebras.
It is known [10] that L p -spaces associated with central-valued traces are BanachKantorovich spaces. The theory of Banach-Kantorovich spaces is now sufficiently well-developed (for instance, see [22, 24] ). The methods of Boolean valued analysis play an important role in the theory. Using these methods, the BanachKantorovich lattices and the corresponding homomorphisms can be interpreted as the Banach lattice and bounded linear operators within a suitable Boolean valued model of set theory [22] . This approach to the theory of Banach-Kantorovich lattices makes ut possible to use the transfer principle [22] for obtaining various properties of Banach-Kantorovich lattices that are analogous of the corresponding properties of classical Banach lattices. Naturally, when using such a method, an additional study is needed for establishing the required interrelation between the objects of 2-valued and Boolean valued models of set theory.
Another important approach to study Banach-Kantorovich spaces is provided by the theory of continuous and measurable Banach bundles [17] - [19] . In this approach the representation of a Banach-Kantorovich lattice as a space of measurable sections of a measurable Banach bundle makes it possible to obtain the needed properties of the lattice by means of the corresponding stalkwise verification of the properties. As an application of this approach, in [9] it has been given a representation of the conditional expectations as measurable bundle of classical conditional expectations, and proved martingale convergence theorems. Moreover, noncommutative L p (M, Φ)-spaces associated with center-valued traces are represented as bundle of noncommutative L p -spaces associated with numerical traces [10] . In [4] an abstract characterization of these spaces are provided. Certain other extensions of these L p -spaces have been investigated in [5] . For other applications of the mentioned method, we refer the reader to [1, 3] , [12] - [15] .
In the present paper, we mainly employ the last mentioned approach to establish the existence of conditional expectations on noncommutative L p (M, Φ)-spaces associated with center-valued traces. Moreover, we describe such expectations and as an application of the obtained results, we prove the norm convergence of martingales in noncommutative L p (M, Φ)-spaces. We note that the obtained results open new perspective in the field of martingale convergence.
Preliminaries
In this section we recall necessary notions and facts which will be used in the next sections.
Let (Ω, Σ, µ) be a measurable space with finite measure µ, and L 0 (Ω) be the algebra of all measurable functions on Ω (as usual, a.e. equal functions are identified). By L ∞ (Ω) we denote the set of all measurable essentially bounded functions on Ω, and L ∞ (Ω) denote an algebra of equivalence classes of essentially bounded measurable functions.
Let U be a linear space over the real field R. By · we denote a L 0 (Ω)-valued norm on U. Then the pair (U, · ) is called a lattice-normed space (LNS) over L 0 (Ω). An LNS U is said to be d-decomposable if for every x ∈ U and the decomposition x = f + g with f and g disjoint positive elements in L 0 (Ω) there exist y, z ∈ U such that x = y + z with y = f , z = g.
Suppose that (U, · ) is an LNS over L 0 (Ω). A net {x α } of elements of U is said to be (bo)-converging to x ∈ U (in this case, we write
An LNS in which every (bo)-fundamental net (bo)-converges is called (bo)-
It is well known [18, 19] 
Let H be a Hilbert space, let B(H) be the * -algebra of all bounded linear operators on H, and let I be the identity operator on H. Given a von Neumann algebra M acting on H, denote by Z(M) the center of M and by P (M) the lattice of all projections in M. Let P f in (M) be the set of all finite projections in M. A densely-defined closed linear operator x (possibly unbounded) affiliated with M is said to be measurable if there exists a sequence {p n }
is the domain of x). Let us denote by S(M) the set of all measurable operators. If M is a commutative von Neumann algebra, it is * -isomorphic to the * -algebra L ∞ (Ω, Σ, µ) of all essentially bounded complex measurable functions with the identification almost everywhere, where (Ω, Σ, µ) is a measurable space. In addition S(M) ∼ = L 0 (Ω, Σ, µ) [28] . Let x, y be measurable operators. Then x+y, xy and x * are densely-defined and preclosed. Moreover, the closures x + y (strong sum), xy (strong product) and x * are also measurable, and S(M) is a * -algebra with respect to the strong sum, strong product, and the adjoint operation (see [28] ). For any subset E ⊂ S(M) we denote by E sa (resp. E + ) the set of all self-adjoint (resp. positive ) operators from E.
For x ∈ S(M) let x = u|x| be the polar decomposition, where |x| = (x * x) 1 2 , u is a partial isometry in B(H). Then u ∈ M and |x| ∈ S(M). If x ∈ S h (M) and {E λ (x)} are the spectral projections of x, then {E λ (x)} ⊂ P (M).
The locally measure topology t(M) on L 0 (Ω, Σ, µ) is by definition the linear (Hausdorff) topology whose fundamental system of neighborhoods of 0 is given by
Here ε, δ run over all strictly positive numbers and B ∈ Σ, µ(B) < ∞. It is known that (S(M), t(M)) is a complete topological * -algebra. Note that a net
Let M be any finite von Neumann algebra, S(M) be the set all measurable operators affiliated to M. Let Z be some subalgebra of the center Z(M). Then one may identify Z with * -algebra L ∞ (Ω, Σ, m) and do S(Z) with L 0 (Ω, Σ, m).
Recall that a center valued (i.e. Z-valued) trace on the von Neumann algebra M is a Z-linear mapping Φ :
Note that the existence of such kind of traces has been studied in [6] .
Let now M be an arbitrary finite von Neumann algebra, Φ be a center-valued trace on M. The locally measure topology t(M) on S(M) is the linear (Hausdorff) topology whose fundamental system of neighborhoods of 0 is given by
where
) is a complete topological * -algebra [34] .
From [26, §3.5] we have the following criterion for convergence in the topology t(M). 
Following [5] an operator x ∈ S(M) is said to be Φ-integrable if there exists a
Denote by [6] . Let Φ be a faithful normal trace on M with values in L 0 (Ω) (associated with Z). Following [5] 
Then the following statements hold:
(ii) for p > 1, one has x p,Φ = sup{|Φ(xy)| : y q,Φ ≤ 1}, where
In the early 90's of the last century A.E. Gutman [18] introduced the measurable Banach bundles with lifting axioms. It was established that every BanachKantorovich space over the ring of measurable functions can be expressed as measurable bundle of Banach spaces. Now let us recall some notions from this approach.
Let X be a mapping which maps every point ω ∈ Ω to some Banach space (X(ω), · X(ω) ). In what follows, we assume that X(ω) = {0} for all ω ∈ Ω. A function u is said to be a section of X, if it is defined almost everywhere in Ω and takes its value u(ω) ∈ X(ω) for ω ∈ dom(u), where ω ∈ dom(u) is the domain of u. Let L be some set of sections.
Definition 2.3. [18] . A pair (X, L) is said to be a measurable bundle of Banach spaces over Ω if 1.
A section s is a step-section, if there are pairwise disjoint sets
A section u is measurable, if for any A ∈ Σ there is a sequence s n of stepsections such that s n (ω) → u(ω) for almost all ω ∈ A.
Let M(Ω, X) be the set of all measurable sections. By symbol L 0 (Ω, X) we denote factorization of the M(Ω, X) with respect to almost everywhere equality. Usually, byû we denote a class from L 0 (Ω, X), containing a section u ∈ M(Ω, X), and by û we denote an element of 
is Banach -Kantorovich * -algebroid, which is isometrically and order * -isomorph to L p (M, Φ). Moreover, the isometric and order * -isomorphism H : 
(e) the section H(x)(ω) · H(y)(ω) is measurable for all x, y ∈ M.
The existence of vector-valued lifting
In this section we establishes the existence of the lifting in a non-commutative setting. Note that in the case of C * -algebras, the existence of the lifting has been given in [11] (see also [14] ).
Let M be a von Neumann algebra. Then it can be identify with a linear subspace of L ∞ (Ω, X) by the isomorphism H, since if x ∈ M, then one has
Proof. Following [10] for every x ∈ M we define
One can see that Φ 0 is an L ∞ (Ω)-valued faithful normal trace on M. By ρ we denote the lifting on L ∞ (Ω) (see [17] ). Now define a finite trace ϕ ω on M by ϕ ω (x) = ρ(Φ 0 (x))(ω), where ω ∈ Ω. Due to [8, Lemma 6.4 .1] the function s ω (x, y) = ϕ ω (y * x) is a bi-trace on M, and therefore, the equality x, y ω = s ω (x, y) defines a quasi-inner product on M.
Denote I ω = {x ∈ M : s ω (x, x) = 0}. It is known that I ω is a two-sided ideal in M, therefore, one considers the quotient space Γ ω = M/I ω , by π ω : M → Γ ω we denote the canonical mapping. The involution and multiplication are defined on Γ ω by the usual way, i.e. π ω (x) * = π ω (x * ) and π ω (x) · π ω (y) = π ω (xy). According to [8, Proposition 6.2.3] Γ ω is a Hilbert algebra. By H(ω) we denote the Hilbert space which is the completion of Γ ω ; the inner product in H(ω) we denote by the same symbol, i.e. ·, · ω .
The mapping π ω (x) → π ω (y)π ω (x), x, y ∈ M, can be extended by continuity to a bounded linear operator T ω (y) on H(ω). It is known [8] that T ω (x) is a representation of M in H(ω). Let M(ω) be the von Neumann algebra generated by
′′ . By µ ω we denote the natural trace on M(ω) which is defined by µ ω (π ω (x)) = π ω (x)1 I ω , 1 I ω ω for all π ω (x) ∈ Γ ω . One can see that µ ω is a faithful, normal and finite trace on M(ω) (see [8, Proposition 6.8.3] ). Now let us consider a non-commutative L 1 -space L 1 (M(ω), τ w ), where τ ω (·) = (1 + Φ(1 I))(ω)µ ω (·). By i ω : Γ ω → M(ω) one denotes the canonical embedding, and
Let us define
for any x ∈ M.
(a) Since any element x ∈ M is identified with the element γ ω (x), then one has ℓ(x) ∈ x (see [10] ).
(b) The linearity of ℓ is obvious.
ByΣ we denote a complete Boolean algebra of equivalent classes w.r.t. a.e. equality, of sets from Σ. The lifting ρ :
we obtain π ω (χ A · x) = 0, if ω ∈ρ(A). Let ω ∈ρ(A), then
The density argument implies that for any λ ∈ L ∞ (Ω) there exists a sequence of simple functions
Hence,
and j ω (λx)) = ρ(λ)(ω)j ω (x) for all ω ∈ Ω. These mean that ℓ(λx) = ρ(λ)ℓ(x) for any x ∈ M and λ ∈ L ∞ (Ω). (e) According to γ ω (x * ) = γ ω (x) * for any x ∈ M we get ℓ(x * ) = ℓ(x) * . (f) From γ ω (xy) = γ ω (x)γ ω (y) for any x, y ∈ M it follows that ℓ(xy) = ℓ(x)ℓ(y) for any x, y ∈ M.
(g) By the construction of γ ω the set {γ ω (x) : x ∈ M} is dense in L 1 (M(ω), τ ω ) for any ω ∈ Ω. Therefore, the set {ℓ(x)(ω) :
The proof is complete. Proof. Without loss of generality, we may assume Φ(x) ∈ L ∞ (Ω) (otherwise, we put Φ 0 (x) = Φ(x)(1 I + Φ(1 I)) −1 .) Let ν be a faithful normal trace on L ∞ (Ω). Then τ (x) = ν(Φ(x)) is also a faithful normal numerical trace on M. Hence, we can define a faithful normal numerical trace τ on M. Then the existence of E and properties (i) and (ii) follow from [33, Proposition 2.1].
Let us show (iii). Let x ∈ M. Then by Proposition 2.1. (iii) [33] we get
The faithfulness of ν implies that Φ(E(x)) = Φ(x) for any x ∈ M. Similarly, we can show Φ(E(x)y) = Φ(xy) for any x ∈ M, y ∈ N.
Theorem 4.2. The operator E (from Proposition 4.1) can be extended to a positive
→ 0.) It is clear that E(1 I) = 1 I and E = 1. Let us show E is positive. Let 0 ≤ x ∈ L p (M, Φ). We will chouse 0 ≤ x n ∈ M such that x n is increasing and x n − x p (o) → 0. Then the sequence {E(x n )} is increasing as well, and one has E(x) = (bo) − lim n→∞ E(x n ). Since E(x n ) ≥ 0 and thw cone K of positive elements of L p (M, Φ) is monotone closed (see [10] ), we get E(x) ≥ 0.
Let y ∈ L p (N, Φ) and y n ∈ N and y n − y p
be the noncommutative vector-valued lifting associated with lifting ρ. Since E(M) ⊂ N can define a linear operator ϕ ω : {ℓ(x)(ω) :
From the relations
follow that ϕ ω is a well-defined contraction.
Let ℓ(x)(ω) ≥ 0. From the equality |ℓ(x)| = ℓ(|x|) we get ℓ(x)(ω) = ℓ(|x|)(ω), which yields
Let (X, L) be a measurable bundle of the noncommutative L p (M(ω), τ ω )-spaces and (Y, L) be a measurable bundle of the noncommutative L p (N(ω), τ ω )-spaces. Since ϕ ω (ℓ(x)(ω)) ∈ L ∞ (Ω, Y ), for any x ∈ M, we obtain that T ω (x(ω)) ∈ M(Ω, Y ) for any x ∈ M(Ω, X). Therefore, {T ω } is a measurable bundle of positive contractions.
It is clear that
Let us show that T ω is a conditional expectation from M(ω) onto N(ω).
which means T ω (M(ω)) ⊂ N(ω) and T ω is contraction from M(ω) to N(ω), here 1 I(ω) = ℓ(1 I)(ω).
Let y(ω) ∈ N(ω). Then there exists y n ∈ N such that y(ω) = lim n→∞ ℓ(y n )(ω).
Due to E(y n ) = y n we get
This means
for some a n , b n ∈ N and x n ∈ M. Due to E(a n x n b n )) = a n E(x n )b n we find
for some x n ∈ M. From Φ(E(x n )) = Φ(x n ) one gets
, then there exists a sequence
for almost all ω ∈ Ω, i.e. lim n→∞ E ω (x n (ω)) = (Ex)(ω) for almost all ω ∈ Ω.
On the other hand, from the continuity of E ω we obtain lim
a.e. Hence E(x)(ω) = E ω (x(ω)) for all x ∈ L p (M, Φ) and for almost all ω ∈ Ω. This completes the proof. Let M be as in Section 4, and {M n } be a filtration of
Proof. Let E(x n+1 |M n ) = x n for every n ≥ 1. According Theorem 4.4 we have
Theorem 5.4. Let p > 1. The following statements hold:
such that x n = E(x|M n ).
Proof. (i). Due to
According Theorem 4.4 one has
for almost all ω ∈ Ω. Then using Proposition 2.10 (i) [33] we obtain
for almost all ω ∈ Ω. From
for almost all ω ∈ Ω. According Proposition 2.10 (ii) [33] there exists x(ω) ∈ L p (M(ω), τ ω ), such that x n (ω) = E ω (x(ω)|M n (ω)) for almost all ω ∈ Ω. Again by Proposition 2.10 (i) [33] we have x n (ω) − x(ω) Lp(M (ω),τω ) → 0 for almost all ω ∈ Ω. This mean x ∈ M(Ω, X). Therefore, x ∈ L p (M, Φ). So
This completes the proof. for almost all ω ∈ Ω, here we have used the notation x(ω)) = {x n (ω)}. Hence, we obtain the required equality. Proof. Let x n → y in L p (M, Φ). Then x n (ω) → y(ω) in L p (M(ω), τ ω ) for almost all ω ∈ Ω. According to Theorem 3.7 [35] σ n (x(ω)) → y(ω) for almost all ω ∈ Ω. Then σ n (x)(ω) = σ n (x(ω)) → y(ω) in L p (M(ω), τ ω ) for almost all ω ∈ Ω. Hence σ n (x) − y p (ω) = σ n (x(ω)) − y(ω) Lp(M (ω),τω ) → 0 for almost all ω ∈ Ω, which means σ n (x) converges in L p (M, Φ). Let σ n (x) → y in L p (M, Φ). Then σ n (x(ω)) → y(ω) in L p (M(ω), τ ω ) for almost all ω ∈ Ω. Again by Theorem 3.7 [35] x n (ω) → y(ω) in L p (M(ω), τ ω ) for almost all ω ∈ Ω. Hence x n − y p (o) → 0. This completes the proof.
